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You can use the results of the earlier parts of a question, even if you have not solved these
parts.
Write in full sentences and clearly state what you use in your solutions.

e The point distribution is preliminary and may be subject to change.
e This exam has five questions on two pages.

. Let X be a normed space and {zy}ren € X a sequence such that for all f € X’ the series

S oro  |f(xk)] is convergent.

a. The maps T}, : X' — ¢! defined by

Tn(f) = (f(xl)af($2)a e 7f($n)70707 e )7

are linear (you need not prove this). Show that each 7, is a bounded map.
b. Prove that for all f € X’ the sequence T,,(f) is convergent.
c. Prove that sup,, || 1,] < oc.

It follows from b.) that T : X' — (1, T(f) := lim,, o, T,(f), is a well-defined linear map.

d. Prove that T : X’ — ¢! is a bounded linear operator and that

sup Z |f(x)]| < 0.

fext <1 =

Let H be a Hilbert space with inner product (-, -). Let R, S: H — H be two functions
such that for all z,y € H we have (x, Sy) = (Rz,y).

a. Prove that R, S are linear maps.

b. Show that for fixed x € H, supy,—; [(x, Sy)| < oco.

Recall the antilinear isometric isomorphism
Ty H— H, Tu(y)(z):=(z,y),

so that ||yllg = |Tu(y)| & -

¢. Use the Uniform Boundedness Principle to show that S is a bounded map. Conclude
that R = 5%, so that R is bounded as well.

Consider the Banach space C([0, 1]) of continuous functions on the interval [0, 1] equipped
with the norm || f||oc 1= sup,ejo 1y [f(¢)]. Denote by

c(fo.1) = {7 e o) s 1= e o)} € oo

the subset of functions whose derivative exists and is again continuous.



a. Prove that C'([0,1]) is a vector space and that

d o df
is a linear map. Conclude that (C'([0,1]), || - [ls) is @ normed space.

b. Prove that the operator 4 4 18 not continuous.

Recall the following result: Let f, € C'([0,1]) be a sequence and f, g € C([0,1]). If f,
converges to f uniformly and f/ converges to g uniformly then f € C'([0,1]) and f' = g.

c. Prove that the graph of the linear operator & : C*([0,1]) — C([0, 1]) is closed.
d. Use b.) and c.) to prove that (C*([0, 1]), | - ||Oo) is not a Banach space.

. Let X be a real normed space and A C X a nonempty subset. Define the closed convex
hull of A to be the subset

conv(A) = ﬂ {BC X :AC B, B is closed and convex}.

a. Prove that conv(A) is a closed convex subset of X with the property that if C' C X
is closed and convex, and A C C, then conv(A) C C.

b. Prove that

conv(A) = {x eX:forall fe X' f(zx)< supf(a)}.

acA
. Let
co = {x = ()i = (zo, 21, ++) 1 7 € F, klim T = 0} ,
—00
be the space of all sequences converging to zero, supplied with the usual norm || - ||o

defined by [|z[/o := supysq|zx|. Then ¢ is a Banach space (you need not prove this).
This question will provide a proof of the fact that ¢y is not reflexive. Define f : ¢ — F by
setting

Z kl? .TO,.Tl, ) € Co-

a. Show that f is a well-defined bounded linear functional.

b. Show that || f|| = e.
c. Show that for all € ¢y such that ||z|| = 1 it holds that |f(x)| < e.

The following fact is a consequence of the Hahn-Banach theorem: Let X be a non-zero
reflexive space with dual space X'. For every f € X’ there exists an z € X with ||z| =1
such that ||f|| = f(z).

d. Using the above fact, prove that c¢q is not reflexive.
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